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Abstract: The cohesive energies of argon in its cubic and
hexagonal closed packed structures are computed with an
unprecedented accuracy of about 5 Jmol™" (corresponding to
0.05% of the total cohesive energy). The same relative
accuracy with respect to experimental data is also found for
the face-centered cubic lattice constant deviating by ca.
0.003 A. This level of accuracy was enabled by using high-
level theoretical, wave-function-based methods within a many-
body decomposition of the interaction energy. Static contribu-
tions of two-, three-, and four-body fragments of the crystal are
all individually converged to sub-Jmol™" accuracy and com-
plemented by harmonic and anharmonic vibrational correc-
tions. Computational chemistry is thus achieving or even
surpassing experimental accuracy for the solid-state rare gases.

I t is currently a challenge for computational chemistry to
calculate dissociation energies to an accuracy of 1 kJmol™" or
better for simple molecules when compared to high precision
measurements.'™ It is even a greater challenge to reach such
accuracies for the solid state,[*” often required to correctly
describe the energy separation between different polymorphs
and to predict the correct crystalline ground state."”! John
Maddox noted in 1988 that “one of the continuing scandals in
the physical sciences” is that “it remains in general impossible
to predict the structure of even the simplest crystalline solids
from a knowledge of their chemical composition.”™ This
statement is perhaps still valid almost 30 years later,'”
although recent progress in the ab initio treatment of
condensed phases starts to show very promising results.” 314l
The importance of being able to describe polymorphism
accurately is not only of theoretical interest but also critical to
applications, for example, in the development of pharma-
ceutical compounds.

The so-called “rare gas problem” is one striking example
for energetically close-lying polymorphs with the face-cen-
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tered cubic (fcc) and the hexagonal closed-packed (hcp)
structures being almost isoenergetic. Nevertheless, the fcc
lattice is found predominantly—and not the hcp or any
mixture of closed-packed layers (Barlow packings). The hcp
structure has been observed only in freshly frozen argon by
Barrett and Meyer as a metastable phase.'>!®! Under very
high pressures a phase transition from fcc to hep structures is
expected for the rare gases, the exact transition pressure is
still being debated and probably lies in the range of several to
tens of GPa. Many questions remain unanswered: Why does
nature prefer fcc lattices? What are possible crystal growth
mechanisms leading to the observed fcc structures? At what
pressures does the fcc—hcp phase transition occur? The basis
to tackle such questions is the ability to obtain accurate
cohesive energies at zero Kelvin. Here, we will show how to
achieve this goal for the argon crystal aiming at a Jmol™
accuracy.

Wave-function-based methods that include electron cor-
relation have already been successfully applied to these kinds
of problems. One example is the incremental method, which
consists of a many-body expansion of the interaction
energy."" ™! The method has even been applied for a few
selected metallic systems.”?!! Within the many-body decom-
position one divides the problem of calculating the total
interaction energy (of N atoms) into the contributions of all
possible dimers, trimers, and larger (embedded) fragments.
Convergence of this expansion can be achieved when the
importance of the larger fragments decreases quickly.

For rare gases the many-body expansion is known to
converge fast under ambient conditions (i.e. in the low-
pressure and -temperature range), thus providing an ideal test
case for accurate quantum chemical methods. Calculating the
many-body terms with accurate relativistic coupled-cluster
data, one obtains impressive results for rare-gas solid-state
properties, phase transitions, and the equation of state.'>>*’]
The slight preference of the closed packed fcc over the hep
lattice structure was recently proposed to be due to zero-point
vibrational effects beyond the Einstein approximation and in
the Tmol™! range.™ Tt is clear that such small energy
differences for different polymorphs in a solid can currently
not be obtained from standard density functional theory
commonly used in solid-state calculations,"” even if disper-
sion-correction schemes are introduced.’!! Hence sophisti-
cated wave-function-based methods are required. This, how-
ever, becomes a daunting task even for rare-gas crystals as we
shall see.

Here, we investigate the fcc and hep polymorphs of argon
by adding all important n-body contributions to the cohesive
energy and to the lattice parameters (at 0 K). The total
cohesive energy per atom E_,(V) depends on the volume V of
the unit cell via the lattice constant. It can be divided into
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static £*%(V) and dynamic E2"(V) contributions, the latter

coh coh

resulting from zero-point vibrational motion [Eq. (1)].

Ecoh = EZ:::(V) + Ei})’:(v) (1)
The total static contribution is approximated within the many-
body ansatz including two-, three-, and four-body contribu-
tions E®™(V) plus the two-component (2C) contribution
E(V) describing mostly spin-orbit effects [Eq. (2)].

Ea(V) = EO(V) + ER(V) + EN(V) + EA(V) 2)
Here we use translational symmetry to evaluate E®(V); for
example, for the two-body contribution we sum over all
individual AE®(R,,) terms from a (arbitrarily) chosen refer-
ence atom at position Ry, to all other atoms in the crystal. The
individual n-body potentials AE"(R) are shown in Figure 1.
For a detailed discussion on the accuracy of the two- and
three-body potentials see Refs. [32-34].
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Figure 1. n-Body energy contributions AE®(R) (in ] mol™") as a function
of the internuclear distance R (in A). The two-body potential is from
Jager et al.?? and the three-body term from Cencek et al.®¥l Note that
the three-body contribution is scaled by a factor of 10 and the four-
body contribution by a factor of 100 for better visibility. For the three-
body term an equilateral triangle is chosen, and an ideal tetrahedron
for the four-body term. The four-body term is derived from relativistic
CCSD(T) calculations and for comparison is shown together with the
long-range Drude model. The experimental nearest-neighbor distance
for solid argonP® extrapolated to 0 K is shown as a dashed vertical
line.

As can be seen in Figure 1, the higher n-body contribu-
tions AE™ become successively smaller by more than one
order of magnitude each with increasing order n and so do the
total E® terms. This is the reason for the fast convergence to
the exact cohesive energy for rare gases such as argon and the
justification for truncating the expansion at the fourth-order
term as shown in Equation (2). The fifth-order contributions
can be estimated to amount to less than 0.1 Jmol '. We also
note that the three- and four-body terms around the nearest-
neighbor distance of solid argon (3.7560 A for the fcc
structure)™ are well described by Drude’s classical disper-
sion model.’>** Further, all curves go through zero close to
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the hard-sphere radius R,=3.3574 A defined by AE?(R,) =0.
We find AE®(R;) =0 at R;=3.3436 A and AE¥(R,)=0 at
R,=3.3127 A, and we observe that R,>R;>R,. We also
mention that the three most accurate two-body potentials
available have quite similar properties: for the equilibrium
bond distance r,, potential depth D,, and hard-sphere radius
R, we get for the Jiger etal. (JHBV) potential (shown in
Figure 1) r,=3.7618 A, D, =1190.0 Jmol !, R,=3.3574 A,
for the Patkowski and Szalewicz (PS) potential r, =3.7624 A,
D,=1188.5Tmol !, R,=3.3577 A, and for the Aziz (Az)
potential r,=3.7570 A, D, =1190.9 Jmol ', R, =3.3502 A"
The empirical Aziz potential is fitted to vibrational-rotational
data and has a shorter bond distance than that of the two ab
initio curves.””!

A first approximation for the dynamic zero-point energy
(ZPE) effects is given within the Einstein approximation
(ZPE-E) where one looks at the contributions when one atom
is moved in the potential created by the rest of the atoms fixed
at their original positions. The effects on the two- and three-
body contributions can be approximated by a harmonic
potential or treated more accurately by including anharmonic
effects (in a perturbative manner).® The resulting four
contributions are distinguished by the superscript (n) for n-
body effects and the index HZPE or AHZPE for the
harmonic zero-point energy contributions and anharmonic
corrections. We further improve the two-body harmonic ZPE
contributions by including phonon-dispersion (PD) effects
beyond the Einstein approximation for that term, named

Eg)ZPE—PD (V) [Eq. (3)].

ES (V) 2 Efpe £(V) + Efispe £ (V) + EQizpe (V) + ESizee

o 3)
+EHZPE7PD ( V)

Details of the calculation of the individual static and
dynamic contributions can be found in the section Computa-
tional Details.

The results of our solid-state calculations for the fcc and
hcp crystal structures are listed in Table 1 starting with the
static two-body contributions E®. Successively adding the
additional terms of Equations (2) and (3) increases the
accuracy of our results more and more. The table contains
the fcc and hcp results for the lattice constant a, the
corresponding volume V, the cohesive energy E,,,, and the
bulk modulus B on the right and left, respectively. The last
column lists the energetic difference between the two lattices.
The lower part of the table shows the total results when the PS
two-body potential or the Az potential is used instead of the
JHBV potential, density-functional results, and experimental
data.

The final lattice constant, cohesive energy, and bulk
modulus are in excellent agreement with the experimental
values with an unprecedented accuracy (deviation to the
experimental value is at most | AE,, |=5 Jmol ! and within
the experimental error, |Aa|=0.003 A, | AB |=2 kbar, sece
discussion below). Note, to achieve such high accuracy, the
four-body term is required despite its small size. In contrast to
a previous study (E®=+4654Jmol™" by Rosciszewski
etal™ as compared to our more accurate value of
—7.7Jmol™') we now get the order of magnitude of this
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Table 1: Static n-body energy E™ (V) and zero-point vibrational energy En: (V) contributions to the equilibrium lattice constant a (in A), molar volume
V (in cm®*mol ™), the cohesive energy E.., (in Jmol™"), and bulk modulus B (in kbar) for fcc and hcp polymorphs are shown. The contributions of

Equations (2) and (3) are successively added showing the convergence to the final results. The last column shows the difference in cohesive energies
AE®/"® between the fcc and hep phase. The lower part of the table contains results obtained using the PS potentialP® and the Az potentialt” instead of

12202 www.angewandte.org

the JHBVP? potential as the underlying two-body potential, along with density functional results and experimental data.

fec hep
Term a % Eeon B a % Eeon B AEf/hep
E@ 5.2129 21.3266 —9200.16 37.322 3.6860 213259 —9201.37  37.328 1.21
+EY 5.2128 21.3259 —9201.42 37.328 3.6860 213252 —9202.63  37.333 1.21
+E%) 5.2571 21.8740 —8515.77 33.319 3.7173 218729  —8516.89  33.323 1.11
+E® 5.2564 21.8648 —8523.43 33.353 3.7168 21.8641  —8524.15  33.355 0.72
+ED e 5.3195 22.6619 —7710.52 27.939 3.7614 226613 —7711.19  27.942 0.67
+Efpe po 5.3163 22,6218 —7737.99 28.188 3.7599 22.6344 772899  28.113 —9.00
+EL o 5.3156 226121 —~7722.07 28.334 3.7594 226251  —7713.34  28.266 —8.73
+Epeome  5.3147 22.6006 —7717.22 28.372 3.7588 226137  —7708.43  28.302 —8.79
HE e 5.3147 22.6013 —7717.47 28.361 3.7588 226146  —7708.66  28.155 —8.81
EPs B 5.3156 22,6123 —7705.88 28.224 3.7594 22.6247  —7696.84  28.183 —9.05
£z 5.3077 22.5116 —7709.02 28.107 3.7538 225242 —7699.81  28.090 —9.20
PBEX 5.7765 29.0185 —4044.9 12.05 40904 29.1439 40216 12.02 233
PBE-D2V 5.3212 22.6846 —11040.8 36.10 3.7632 226934  —11012.4  35.12 —28.4
PBE-D3U 5.4889 24.8969 —10418.2 24.90 3.8815 249019  —10378.3  24.45 —39.9
Expt. 5.31189 22.5641 —7722(1) 26.411 3.7609¢  22.6521
Expt. 5.3002(1)®  22.416(1)8  —7724" 23.8(1.7)8

[a] Taking the two-body terms for the PS potential instead (Ref. [33]). [b] Taking the two-body terms for the Az-potential instead but without the £
term (Ref. [37]). [c] PBE results are without ZPE corrections. [d] X-ray diffraction data (Barrett and Meyer, Ref. [15]). [e] Thermodynamic data (Schwalbe
et al., Ref. [39]). [f] Neutron scattering data (Batchelder et al., Ref. [40]). [g] X-ray diffraction data (Peterson et al., Ref. [38]). [h] Thermodynamic data

(Pollack, Ref. [41]). [] Neutron scattering data (Dorner et al., Ref. [42]).

term correct including the sign (which is negative in
accordance with the Drude model that predicts an alternating
series of n-body contributions in the long range). Further, to
reach Jmol™' accuracy for the cohesive energy not only the
two-body vibrational ZPE correction is important, but also
anharmonicity effects and the corresponding three-body
terms are required.

The accuracy of the individual n-body terms needs to be
analyzed in more detail. Using a Lennard-Jones potential one
can estimate the impact of the error in the two-body potential
to the cohesive energy due to basis set incompleteness and
limitations in the electron correlation procedure,”‘” that is,
A Eon=8.6093A,.D.. A difference of 1.497 Jmol ! in the
dissociation energy D, between the JHBV and PS two-body
potentials amounts to a difference of 12.9Jmol™ in the
cohesive energy in good agreement with our 11.6 Jmol™
value (see Table1). However, the JHBV potential has
a slightly larger dissociation energy, is closer to the empirical
Az potential and perhaps therefore more accurate. Spin-orbit
coupling is neglected in the two-body potential of Jager
et al.,®? but is included in our calculations. These effects are
of the order of 1 Jmol * for the solid state and are therefore
small, consistent with the remarks by Patkowski and Szale-
wicz.”l The five-body term will be repulsive around the
equilibrium geometry, and the two- to four-body contribu-
tions can be expected to be smaller than 1Jmol™'. We
therefore conclude that our accuracy in the cohesive energy is
atleast 10 Jmol™" (or better) and thus within the experimental
error.

© 2016 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim

Concerning the structure, applying atmospheric pressure
(101.325 kPa) lowers the lattice constant by only 4.5x107° A
and can therefore be neglected. Strictly, the two bond
distances, theoretically and experimentally derived, cannot
be directly compared, and in the limit of exact calculations
differences can still be on the order of 10~* A.**] Nevertheless,
concerning the rather “large” discrepancy between the two
available experimental values we suggest that new X-ray data
is required. An accurate value for the equilibrium distance of
the argon dimer from vibrational-rotational data would also
be advantageous. The bulk modulus is difficult to measure
and the deviation to our calculated value at 0 K may well be
due to experimental errors.

Finally, we investigate the stability of the hcp vs. the fcc
phase. It is well known that a simple Lennard-Jones potential
stabilizes the hep over the fcc phase.[*'! Table 1 shows that this
is also the case for the two-body potential used here, albeit by
a very small amount of 1.2 Jmol™'. Adding three- and four-
body contributions and even ZPE corrections within the
Einstein approximation does not change this situation
significantly. Only the coupling of the vibrational modes in
the solid, that is, the phonon dispersion finally brings the fcc
phase significantly below the hcp phase in energy. This results
in a preference of the fcc over the hcp phase by only
8.8 Jmol !, which is obviously large enough to stabilize the fcc
phase, in contrast to Ostwald’s step rule. In fact, if we take the
two-body contribution only and add phonon dispersion, the
fcc phase is stabilized by 12.1 Jmol™' compared to the hcp
structure. Moreover, at finite temperatures the fcc phase has
higher entropy than the hcp phase.™!

Angew. Chem. Int. Ed. 2016, 55, 12200-12205
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The density functionals used in this study (see Table 1)
cannot reproduce the difference correctly (nor will other
common functionals do so, in our opinion) even when
dispersion corrections are included, which needs to be
investigated further. Of course, the rare-gas solids are really
special cases ideally suited for the quantum chemical many-
body treatment used in this work.

We finally mention that the metastable hcp phase has
been observed for freshly frozen argon by Barrett and
Meyer.>1®1 They report an ideal c/a~6.1424/3.760,~ /8/3
ratio for the lattice constants, and their lattice constant a is in
excellent agreement with our value of 2 =3.7588 A.

To conclude, we produced J mol ' accuracy for the
cohesive energy of argon and correctly predicted the energy
separation between the fcc and hep phase. We have thus come
along way since the very first ab initio treatment of crystalline
systems by Lowdin.***”! Our next challenge will be to apply
this many-body treatment to the heavier rare gases as well as
to molecular crystals at finite temperatures and pressures.
Work in this direction is underway.

Computational Details

For all solid-state calculations we used our program
SAMBA . The many-body expansion of the static part of
the total cohesive energy EX5\(V) per atom (utilizing trans-

lational symmetry) at a certain volume V is defined as,?**

N3 N3

322 ROI R0]7 1]

=1 j>i

n N,
1
ll — k ~
ER(V) =3 EV(V) =33 AE%(Ry)
k=2 i=1
N, N; N

4ZZZAE ROHRO/ Rok,R,/,R R )

i=1 j>i k>j>i

)

Note that the expression on the right-hand side is already
an approximation to the cohesive energy because we restrict
the sums to a finite number of atoms, N,, N5, and N,, that are
included in the evaluations of two-, three-, and four-body
terms, respectively. We can further truncate the above
expression if the convergence is fast with increasing order n.
The expansion becomes exact for n and N;,—o0.'") AE®
stands for the k-body energy contribution to the total
energy coming from the k-body fragments with internuclear
distances R;; between the atoms i and j for a certain lattice
volume V. The (arbitrarily chosen) central atom is denoted by
the index 0. For the two-body potential we used the analytical
pair potential of Jager et al. (JHBV) which contains electron
correlation up to CCSDT(Q) level of theory and scalar
relativistic effects (for details see Ref.[32,49]). Spin-orbit
contributions were taken from X2C/CCSD(T) calculations®”
and fitted to the following analytical form (derived from the
London dispersion formula) [Eq. (5)]

AEG(R;) = ~CsoR,* 5)

with Cso=3.81x10"" a.u. and R; being the internuclear
distance of the dimer with atoms i, j. For the three-body
potential we took the potential of Cencek et al. evaluated at

the CCSDT(Q) level of theory including scalar relativistic

Angew. Chem. Int. Ed. 2016, 55, 1220012205
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effects.” For neon it was shown that already the classical
triple-dipole (Axilrod-Teller) term is a good approximation in
the long range. Hence we chose the four-body contribution
derived from the classical Drude model***%%2! a5 the fourth-
order dipole—dipole term (AEW = AES)) for the four-body
fragment containing atoms i, j, k, and / [Eq. (6)]

AES) (ijkl) = w[f (ijkl) + £ (ijlk) + £ (ikjl)] (6)

with

flijkl)= (RyRu Ry Ry) (il - )2 + (ﬁi] “Hy) (i - )
(T - Hhyg)* A+ (Hy - 1) +
i - ﬁk/) (ukl (
- ty) (uli : ”i/) - S(ﬁjk : L_ikl) (g - i) (ﬁli : ﬁjk
1

(
)(ij : ﬁk/)(ﬁu : ﬁn)(”n 12”) —1]

where ii; is the unit vector in direction from atom i to
atom j. The prefactor w was chosen according to Johnsson
and Spurling (corrected for a missing factor of 8),°! that is,
w =—(45/32)ca* with a scaling factor’™ ¢=0.6963 and the
dipole polarizability a =11.07 a.u. taken from experimental
measurements.”*>! The Drude long-range behavior of the
four-body potential was verified through scalar relativistic
CCSD(T) calculations® using Dunning’s correlation consis-
tent augmented triple-zeta basis set® adjusted for Douglas-
Kroll calculations™ including counter-poise corrections®™ for
the basis set superposition error. A full active orbital space
was taken in the all-electron correlation treatment. Note that
convergence of the coupled cluster energy to < 10~ a.u. was
required to obtain stable results in the bonding region for the
four-body potential.

In order to get the static part of the cohesive energy from
Equation (4) with the desired accuracy, we sum over N,~
700000 atoms in the two-body part, N;~67500 atoms in
the three-body part and N,~ 7500 atoms in the four-body
part. As the computation of the n-body terms becomes
computationally very demanding with increasing order #, that
is ~O(N""), we had to decrease the numbers of atoms
included with increasing n. However, we checked that each
term is converged within a range of less than 0.01 Jmol "

The harmonic zero-point vibrational crystal energy (ZPE)
contribution was evaluated for the two-body potential®!

[Eq. (8)].

Eiyee & + Eftppe po = ZNZh i ( ) 9)

The dynamic matrices for the fcc and hep structures were
constructed and diagonalized in reciprocal space to obtain the
frequencies w; k), using a grid of k points homogeneously
distributed in the Brillouin zone, and large enough to
converge the zero-point energy to less than 1 Jmol'. The
three-body ZPE contribution was evaluated within the Ein-
stein approximation moving the central atom in the two- and
three-body field of all other atoms (see the discussion in
Ref. [22]). Finally the anharmonic corrections were obtained

www.angewandte.org

dte

Chemie

12203


http://www.angewandte.org

An dte

Chemie

GDCh

~_~7 Communications

Internatic

12204 www.angewandte.org

from perturbation theory of the internal force field up to
fourth order within the Einstein approximation.””

The bulk modulus B was obtained from the volume-
dependent increments in Equation (2) using B =V 'd*E/dV>.
The numerical stability of our procedure has been tested and
is <0.0001 A for the lattice constant, <0.1 Jmol™"' for the
cohesive energy, and < 0.1 kbar for the bulk modules (note
the values given are shown with more significant figures to
highlight the differences in the fcc and hcp structures). The
recommended mass of 39.948 amu for argon was chosen (the
difference in the ZPEs by taking the 40-Ar mass instead can
be neglected). We also performed density functional calcu-
lations as implemented in the VASP package, using a plane-
wave basis set (cut-off energy E. =800 eV) and the standard
projector-augmented wave (PAW) datasets for argon with a k-
space sampling of (7x7x7) using the Monkhorst-Pack
scheme.!! The electron—electron interaction was modeled
within the generalized gradient approximation to the
exchange-correlation  energy  functional® including
Grimme’s dispersion corrections (PBE-D2®! and PBE-
D3).%%! Very tight convergence criteria for SCF conver-
gence (107%eV) and structure optimization
(5 x 10> eV A™") were chosen.
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